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Abstract We numerically investigate the case of the pla-
nar circular restricted three-body problem where the more
massive primary is an oblate spheroid. A thorough numer-
ical analysis takes place in the configuration (x, y) and the
(x, E) space in which we classify initial conditions of orbits
into three categories: (i) bounded, (ii) escaping and (iii) col-
lisional. Our results reveal that the oblateness coefficient has
a huge impact on the character of orbits. Interpreting the col-
lisional motion as leaking in the phase space we related our
results to both chaotic scattering and the theory of leaking
Hamiltonian systems. We successfully located the escape as
well as the collisional basins and we managed to correlate
them with the corresponding escape and collision times. We
hope our contribution to be useful for a further understand-
ing of the escape and collision properties of motion in this
interesting version of the restricted three-body problem.
Keywords Restricted three-body problem; Escape dynam-
ics; Escape basins; Fractal basin boundaries
1 Introduction
One of most interesting topics in nonlinear dynamics is the
issue of leaking or escaping orbits (e.g., Contopoulos (1990);
Contopoulos & Kaufmann (1992); Contopoulos et al. (1993);
Schneider et al. (2002); Altmann et al. (2013); Nagler et al.
(2007)). Over the years many studies have been devoted on
Hamiltonian systems with escapes (e.g., Barrio et al. (2009);
Ernst & Peters (2014); Kandrup et al. (1999); Navarro &
Henrard (2001); Zotos (2014a,b, 2015a)). However the topic
of escaping orbits in Hamiltonian systems is by far less ex-
Department of Physics, School of Science,
Aristotle University of Thessaloniki,
GR-541 24, Thessaloniki, Greece
Corresponding author’s email: evzotos@physics.auth.gr
plored than the closely related problem of chaotic scatter-
ing, where a test particle coming from infinity approaches
and then scatters off a complex potential (e.g., Bleher et al.
(1989); Benet et al. (1996, 1998); Jung et al. (1999, 1995);
Jung & Te´l (1991); Seoane et al. (2006); Seoane & Sanjua´n
(2007)).
Undoubtedly, one of the most important topics in dy-
namical astronomy is the classical restricted three-body prob-
lem (RTBP). The RTBP describes the motion of a test body
with an infinitesimal mass moving under the gravitational
effects of a two primary bodies with finite masses which
move in circular orbits around their common center of mass
(Szebehely, 1967). It is assumed that the third test body
does not influence the motion of the two primary bodies.
This problem has many applications in celestial mechanics,
stellar systems, artificial satellites, galactic dynamics, chaos
theory and molecular physics and therefore is still a very
active and stimulating field of research.
Generally, the shapes of the two primary bodies in the
classical version of the RTBP are assumed to be spherically
symmetric. However, we found in nature that several celes-
tial bodies, such as Saturn and Jupiter are sufficiently oblate
(Beatty et al., 1999) or even triaxial. Furthermore, irregu-
lar shapes are also possible, especially in the case of mi-
nor planets (e.g., Ceres) and meteoroids (Millis et al., 1987;
Norton & Chitwood, 2008). The oblateness or triaxiality of
a celestial body can produce perturbation deviations from
the two-body motion. The study of oblateness coefficient
includes the series of works of Beevi & Sharma (2012);
Markellos et al. (1996, 2002); Kalantonis et al. (2005, 2006,
2008); Kalvouridis & Gousidou-Koutita (2012); Perdiou et
al. (2012); Sharma & Subba Rao (1979, 1986); Subba Rao
& Sharma (1988, 1997); Sharma (1981, 1987, 1989, 1990);
Singh & Leke (2012, 2013) by considering the more mas-
sive primary as an oblate spheroid with its equatorial plane
co-incident with the plane of motion of the primaries.
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All planets of the Solar System are in fact not spherically
symmetric but oblate spheroidals. Consequently the exact
shape of the planets and their oblateness must be taken into
account when someone wants to model a space flight mis-
sion. In the work of Oberti & Vienne (2003) it was proved
that the theoretical data from the celestial systems Saturn-
Tethys-satellite and Saturn-Dione-satellite are much more
accurate with respect with the corresponding observational
data when the oblateness of Saturn is taken into considera-
tion. Similarly, the oblateness of the Neptune was included
in the work of Stuchi et al. (2008) regarding the dynamics
of a spacecraft in the Neptune-Triton system.
In the present paper we continue the work initiated in
Zotos (2015b) following the same numerical techniques. Our
aim is to numerically investigate how the oblateness coeffi-
cient influences the nature of orbits in the restricted three-
body problem. The paper is organized as follows: In Section
2 we describe the properties of the considered dynamical
model along with some necessary theoretical details. All the
computational methods we used in order to determine the
character of orbits are explained in Section 3. In the follow-
ing Section, we conduct a thorough numerical investigation
revealing the overall orbital structure (bounded regions and
basins of escape/collision) of the system and how it is af-
fected by the value of the oblateness coefficient with respect
to the total orbital energy. Our paper ends with Section 5,
where the main conclusions of this work are given.
2 Details of the dynamical model
It would be very illuminating to briefly recall the basic prop-
erties and some aspects of the planar circular restricted three-
body problem (Szebehely, 1967). The two primaries move
on circular orbits with the same Kepler frequency around
their common center of gravity, which is assumed to be fixed
at the origin of the coordinates. The third body (test particle
with mass much smaller than the masses of the primaries)
moves in the same plane under the gravitational field of the
two primaries. The non-dimensional masses of the two pri-
maries are 1 − µ and µ, where µ = m2/(m1 + m2), with
m1 > m2 is the mass ratio. We consider an intermediate
value of the mass ratio, that is µ = 1/10. This value remains
constant throughout the paper.
We choose as a reference frame a rotating coordinate
system where the origin is at (0,0), while the centers C1
and C2 of the two primary bodies are located at (−µ, 0) and
(1 − µ, 0), respectively. The total time-independent effective
potential according to Sharma & Subba Rao (1976) is
V(x, y) = − µ
r2
− (1 − µ)
r1
− (1 − µ)A1
2r31
− n
2
2
(
x2 + y2
)
, (1)
where
r1 =
√
(x + µ)2 + y2,
r2 =
√
(x + µ − 1)2 + y2,
n2 = 1 +
3A1
2
, (2)
are the distances to the respective primaries and the angular
velocity (n), while A1 is the oblateness coefficient which is
defined as
A1 =
(RE)2 − (RP)2
5R2
, (3)
where RE and RP are the equatorial and polar radius, re-
spectively of the oblate primary, while R is the distance be-
tween the centers of the two primaries. We consider values
of the oblateness coefficient is in the interval [0, 0.1] (see
e.g., (Kalantonis et al., 2006; Perdios & Kalantonis, 2006)),
while we study the effect of oblateness up to the linear coef-
ficient J2 only (Abouelmagd, 2012).
The human species stands on the edge of a new fron-
tier, the transition from a planet-bound to a space-faring civ-
ilization. The expansion into the Solar System, in terms of
dynamics of artificial satellites, requires the formulation of
new models that include the effects of some of the perturb-
ing forces on the satellite. Therefore, the problem is not only
of mathematical interest but has astrophysical applications.
The most striking example of perturbations arising from the
oblateness in the Solar System is the orbit of the fifth satel-
lite of Jupiter, Amalthea. This planet is so oblate and the
satellite’s orbit is so small that its line of apsides advances
about 900◦ in a year (e.g., Moulton (1914)). It should be
pointed out that in general terms the values of the oblate-
ness in the Solar System are relatively low (see e.g., Milone
& Wilson (2014) for updated values of the oblateness co-
efficient). There are however close-in extrasolar planetary
systems with hot Jupiters in which the oblateness coefficient
varies in the interval [0.001, 0.01]. In this work we consider
even higher values of the oblateness coefficient (A1 < 0.1)
because in the near future it is possible new highly oblate
extrasolar planets to be discovered.
The scaled equations of motion describing the motion of
the test body in the corotating frame read (Sharma & Subba
Rao, 1976)
x¨ = 2ny˙ − ∂V(x, y)
∂x
,
y¨ = −2nx˙ − ∂V(x, y)
∂y
. (4)
The dynamical system (4) admits the well know Jacobi in-
tegral
J(x, y, x˙, y˙) =
1
2
(
x˙2 + y˙2
)
+ V(x, y) = E, (5)
where x˙ and y˙ are the velocities, while E is the numerical
value of the orbital energy which is conserved and defines a
three-dimensional invariant manifold in the total four-dimensional
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phase space. Thus, an orbit with a given value of it’s en-
ergy integral is restricted in its motion to regions in which
E ≤ V(x, y), while all other regions are forbidden to the test
body. It is widely believed that J is the only independent in-
tegral of motion for the RTBP system (Poincare´, 1993). The
value of the energy E is related with the Jacobi constant by
C = −2E.
The dynamical system has five equilibria known as La-
grangian points (Szebehely, 1967) at which
∂V(x, y)
∂x
=
∂V(x, y)
∂y
= 0. (6)
Three of them, L1, L2, and L3, are collinear points located
in the x-axis. The central stationary point L1 is a local min-
imum of the potential V(x, y). The stationary points L2 and
L3 are saddle points. Let L2 located at x > 0, while L3 be
at x < 0. The points L4 and L5 on the other hand, are lo-
cal maxima of the gravitational potential, enclosed by the
banana-shaped isolines. The Lagrangian points are very im-
portant especially for astronautical applications. This can be
seen in the Sun-Jupiter system where several thousand as-
teroids (collectively referred to as Trojan asteroids), are in
orbits of equilibrium points. In practice these Lagrangian
points have proven to be very useful indeed since a space-
craft can be made to execute a small orbit about one of these
equilibrium points with a very small expenditure of energy
(Singh & Leke, 2014).
The projection of the four-dimensional phase space onto
the configuration (or position) space (x, y) is called the Hill’s
regions and is divided into three domains: (i) the interior
region for x(L3) ≤ x ≤ x(L2); (ii) the exterior region for
x < x(L3) and x > x(L2); (iii) the forbidden regions. The
boundaries of these Hill’s regions are called Zero Velocity
Curves (ZVCs) because they are the locus in the configura-
tion (x, y) space where the kinetic energy vanishes.
The values of the Jacobi integral at the five Lagrangian
points Li, i = 1, ..., 5 are critical energy levels and they are
denoted as Ei (Note that E4 = E5). The structure of the
equipotential surfaces strongly depends on the value of the
energy. In particular, there are five distinct cases
– E < E1: All necks are closed, so there are only bounded
and collisional basins.
– E1 < E < E2: Only the neck around L1 is open thus
allowing orbits to move around both primaries.
– E2 < E < E3: The neck around L2 is open, so orbits can
enter the exterior region and escape form the system.
– E3 < E < E4: The necks around both L2 and L3 are
open, so orbits can escape through two different escape
channels.
– E > E4: The banana-shaped forbidden regions disappear
and therefore, motion over the entire configuration (x, y)
space is possible.
In Fig. 1(a-d) we present for A1 = 0.01 the structure of the
first four possible Hill’s region configurations. We observe
in Fig. 1d the two openings (exit channels) at the Lagrangian
points L2 and L3 through which the test body can enter the
exterior region and then leak out. In fact, we may say that
these two exits act as hoses connecting the interior region
of the system where x(L3) ≤ x ≤ x(L2) with the “out-
side world” of the exterior region. The position of the La-
grangian points as well as the critical values of the energy
are functions of the oblateness coefficient A1 (e.g., Singh
& Leke (2012)). In Table 1 we provide the location of the
Lagrangian points and the critical values of the total orbital
energy when A1 = {0, 0.001, 0.01, 0.1}.
3 Computational methods and criteria
The motion of the test third body is restricted to a three-
dimensional surface E = const, due to the existence of the
Jacobi integral. With polar coordinates (r, φ) in the center of
the mass system of the corotating frame the condition r˙ = 0
defines a two-dimensional surface of section, with two dis-
joint parts φ˙ < 0 and φ˙ > 0. Each of these two parts has a
unique projection onto the configuration (x, y) space. In or-
der to explore the orbital structure of the system we need to
define samples of initial conditions of orbits whose proper-
ties will be identified. Fore this purpose, we define for sev-
eral values of the total orbital energy E, as well as for the
oblateness coefficient A1 dense uniform grids of 1024×1024
initial conditions regularly distributed on the configuration
(x, y) space inside the area allowed by the value of the to-
tal orbital energy. Following a typical approach, the orbits
are launched with initial conditions inside a certain region,
called scattering region, which in our case is a square grid
with −2 ≤ x, y ≤ 2.
In the RTBP system the configuration space extends to
infinity thus making the identification of the type of mo-
tion of the test body for specific initial conditions a rather
demanding task. There are three possible types of motion
for the test body: (i) bounded motion around one of the
primaries, or even around both; (ii) escape to infinity; (iii)
collision into one of the two primaries. Now we need to
define appropriate numerical criteria for distinguishing be-
tween these three types of motion. The motion is considered
as bounded if the test body stays confined for integration
time tmax inside the system’s disk with radius Rd and cen-
ter coinciding with the center of mass origin at (0, 0). Ob-
viously, the higher the values of tmax and Rd the more plau-
sible becomes the definition of bounded motion and in the
limit tmax → ∞ the definition is the precise description of
bounded motion in a finite disk of radius Rd. Consequently,
the higher these two values, the longer the numerical inte-
gration of initial conditions of orbits lasts. In our calcula-
tions we choose tmax = 104 and Rd = 10 (see Fig. 2) as in
Nagler (2004, 2005) and Zotos (2015b). We decided to in-
clude a relatively high disk radius (Rd = 10) in order to be
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(a) (b)
(c) (d)
Fig. 1 Four possible Hill’s regions configurations for the RTBP system when A1 = 0.01. The white domains correspond to the Hill’s regions,
gray shaded domains indicate the forbidden regions, while the thick black lines depict the Zero Velocity Curves (ZVCs). The red dots pinpoint the
position of the Lagrangian points, while the positions of the centers of the two primary bodies are indicated by blue dots. (a-upper left): E = −1.92;
(b-upper right): E = −1.78; (c-lower left): E = −1.73; (d-lower right): E = −1.55.
sure that the orbits will certainly escape from the system and
not return back to the interior region. Furthermore, it should
be emphasized that for low values of tmax the fractal bound-
aries of stability islands corresponding to bounded motion
become more smooth. Moreover, an orbit is identified as es-
caping and the numerical integration stops if the test body
body intersects the system’s disk with velocity pointing out-
wards at a time tesc < tmax. Finally, a collision with one of
the primaries occurs if the test body, assuming it is a point
mass, crosses the disk with radius Rm around the primary.
For the larger oblate primary we choose Rm1 = 10
−4. Gener-
ally, it is assumed that the radius of a celestial body (e.g., a
planet) is directly proportional to the cubic root of its mass.
Therefore, for the sake of simplicity of the numerical calcu-
lations we adopt the simple relation between the radii of the
primaries
Rm2 = Rm1 × (2µ)1/3 , (7)
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Table 1 The position of the Lagrangian points and the critical values of the total orbital energy for four values of the oblateness coefficient.
A1 L1 L2 L3 L4
0.000 (0.60903511, 0) (1.25969983, 0) (-1.04160890, 0) (0.40000000, 0.86602540)
0.001 (0.60934671, 0) (1.25945159, 0) (-1.04165743, 0) (0.40049937, 0.86573689)
0.010 (0.61207238, 0) (1.25724426, 0) (-1.04208268, 0) (0.40493832, 0.86315542)
0.100 (0.63363978, 0) (1.23751047, 0) (-1.04544100, 0) (0.44448280, 0.83877200)
A1 E1 E2 E3 E4
0.000 -1.79847661 -1.73334221 -1.54978907 -1.45500000
0.001 -1.80001655 -1.73471117 -1.55114179 -1.45613246
0.010 -1.81381551 -1.74701526 -1.56331597 -1.46632128
0.100 -1.94701666 -1.86855958 -1.68503212 -1.56790343
Fig. 2 Schematic picture of the three different types of motion. The
motion is considered to be bounded if the test body stays confined for
integration time tmax inside the system’s disk with radius Rd = 10,
while the motion is unbounded and the numerical integration stops
when the test body crosses the system’s disk with velocity pointing
outwards. Collision or (crash) with one of the primaries occurs when
the test body crosses the disk of radii Rm1 and Rm2 of the primaries.
which was introduced in Nagler (2005). In Nagler (2004,
2005) it was shown that the radii of the primaries influence
the area of collision and escape basins.
As it was stated earlier, in our computations, we set 104
time units as a maximum time of numerical integration. The
vast majority of escaping orbits (regular and chaotic) how-
ever, need considerable less time to escape from the system
(obviously, the numerical integration is effectively ended when
an orbit moves outside the system’s disk and escapes). Nev-
ertheless, we decided to use such a vast integration time just
to be sure that all orbits have enough time in order to es-
cape. Remember, that there are the so called “sticky orbits”
which behave as regular ones during long periods of time.
Here we should clarify, that orbits which do not escape after
a numerical integration of 104 time units are considered as
non-escaping or trapped.
The equations of motion (4) for the initial conditions
of all orbits are forwarded integrated using a double pre-
cision Bulirsch-Stoer FORTRAN 77 algorithm (e.g., Press et
al. (1992)) with a small time step of order of 10−2, which
is sufficient enough for the desired accuracy of our compu-
tations. Here we should emphasize, that our previous nu-
merical experience suggests that the Bulirsch-Stoer integra-
tor is both faster and more accurate than a double precision
Runge-Kutta-Fehlberg algorithm of order 7 with Cash-Karp
coefficients. Throughout all our computations, the Jacobian
energy integral (Eq. (5)) was conserved better than one part
in 10−11, although for most orbits it was better than one part
in 10−12. For collisional orbits where the test body moves
inside a region of radius 10−2 around one of the primaries
the Lemaitre’s global regularization method is applied.
4 Numerical results & Orbit classification
The main numerical task is to classify initial conditions of
orbits in the φ˙ < 0 part1 of the surface of section r˙ = 0 into
three categories: (i) bounded orbits; (ii) escaping orbits and
(iii) collisional orbits. Moreover, two additional properties
of the orbits will be examined: (i) the time-scale of collision
and (ii) the time-scale of the escapes (we shall also use the
terms escape period or escape rates). In this work we shall
explore these dynamical quantities for various values of the
total orbital energy, as well as for the oblateness coefficient
A1. In particular, we choose three energy levels which cor-
respond to the last three Hill’s regions configurations. The
first two Hill’s regions configurations contain only bounded
and collisional orbits, so the orbital content is not so inter-
esting. In the following color-coded grids (or orbit type di-
agrams - OTDs) each pixel is assigned a color according to
the orbit type. Thus the initial conditions of orbits are classi-
fied into bounded orbits, unbounded or escaping orbits and
collisional orbits. In this special type of Poincare´ surface of
1 We choose the φ˙ < 0 instead of the φ˙ > 0 part simply because in
Zotos (2015b) we seen that it contains more interesting orbital content.
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section the phase space emerges as a close and compact mix
of escape basins, collisional basins and stability islands. Our
numerical calculations indicate that apart from the escaping
and collisional orbits there is also a considerable amount of
non-escaping orbits. In general terms, the majority of non-
escaping regions corresponds to initial conditions of regular
orbits, where an adelphic integral of motion is present, re-
stricting their accessible phase space and therefore hinders
their escape.
4.1 Results for Region III: E2 < E < E3
Our numerical exploration begins in the energy region III
(E2 < E < E3) and we choose the energy level E = −1.70.
In Fig. 3 the OTD decompositions of the φ˙ < 0 part of the
surface of section r˙ = 0 reveal the orbital structure of the
configuration (x, y) space for four values of the oblateness
coefficient. The black solid lines denote the ZVC, while the
inaccessible forbidden regions are marked in gray. The color
of a point represents the orbit type of a test body which has
been launched with pericenter position at (x, y). When the
oblateness coefficient is zero (A1) = 0 we observe in Fig. 3a
the followings: (i) around the centers of the two primaries
there are stability islands, while in the exterior region an-
other ring-shaped stability island is present. The stability
islands located in the interior region correspond to regular
orbits around one of the primary bodies, while the stability
island in the exterior region is formed by initial conditions
of regular orbits that circulate around both primaries; (ii)
The region in the boundaries of the stability islands of the
interior region is mainly occupied by orbits which lead to
collision; (iii) Near the center of primary 1 we can identify
a small hole which contains a mixture of collisional and es-
caping orbits; (iv) outside the forbidden regions there is a
well-formed circular basin of escaping orbits. It is evident
in Fig. 3b that even a very low values of the oblateness coef-
ficient (A1 = 0.001) is able to influence the orbital content.
In particular, there are two main differences with respect to
the case of zero oblateness shown in Fig. 3a. First the area
of the stability region around the center of the oblate pri-
mary is smaller, while the central hole contains now only
initial conditions of collisional orbits. Moreover, the colli-
sional basin around primary 1 is larger in size. The orbital
structure changes even further when A1 = 0.01 as we can
see in Fig. 3c. Almost all the area around the oblate primary
1 is occupied by initial conditions of collisional orbits, while
the corresponding stability island splits into two small parts.
It seems that so far the region around smaller primary 2 as
well as the exterior region remain almost unperturbed by the
shift on the value of the oblateness coefficient. Things how-
ever change drastically when the larger primary is highly
oblate with A1 = 0.1. It is seen in Fig. 3d that the entire in-
terior region around primary 1 is dominated by a large colli-
sional basin. The exterior region on the other hand, is highly
fractal, while the stability island of regular orbits circulating
around both primaries is now absent. At least at this energy
level our computations suggest that the increase in the value
of the oblateness coefficient does not affect the stability is-
land around primary 2, however at the highest studied value
the collisional basin around this stability island is weakened.
It should be noted that when A1 = 0.1 several spiral colli-
sional basins are inside the fractal exterior region.
The following Fig. 4 shows how the escape and colli-
sional times of orbits are distributed on the configuration
(x, y) space for the four values of the oblateness coefficient
discussed in Fig. 3. Light reddish colors correspond to fast
escaping/collional orbits, dark blue/purple colors indicate
large escape/collional times, while white color denote sta-
bility islands of regular motion. Note that the scale on the
color bar is logarithmic. Inspecting the spatial distribution
of various different ranges of escape time, we are able to
associate medium escape time with the stable manifold of
a non-attracting chaotic invariant set, which is spread out
throughout this region of the chaotic sea, while the largest
escape time values on the other hand, are linked with sticky
motion around the stability islands of the two primary bod-
ies. As for the collisional time we see that orbits with ini-
tial conditions very close to the vicinity of the center of the
oblate primary 1 collide with it almost immediately, within
the first time step of the numerical integration, while this
phenomenon is not observed for the case of primary body 2
which is not oblate (see also Zotos (2015b)). Looking more
carefully Fig. 4d we observe that when A1 = 0.1 the area
of the stability region around primary 2 (the only stability
region that survives) is smaller with respect to the tree pre-
vious cases shown in Figs. 4(a-c). Thus we may say that
high enough values of the oblateness coefficient influence
also the stability region corresponding to smaller spherically
symmetric primary.
4.2 Results for Region IV: E3 < E < E4
We continue our investigation in the energy region IV (E3 <
E < E4). It is evident from the critical energy values given
in Table 1 that there is not a single energy level which we
can use for all four cases regarding the value of the oblate-
ness coefficient. Therefore for the first three cases, that is
A1 = {0, 0.001, 0.01}, we choose the value E1 = −1.54,
while for the last case (A1 = 0.1) we use the energy level
E1 = −1.67. The orbital structure of the configuration (x, y)
space is unveiled in Fig. 5 through the OTD decompositions
of the φ˙ < 0 part of the surface of section r˙ = 0. We observe
in Fig. 5a where A1 = 0 that in this case the stability island
in the exterior region is no longer present. The vast major-
ity of the exterior region is occupied by initial conditions of
escaping orbits, while inside the extended escape basin we
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Fig. 3 The orbital structure of the φ˙ < 0 part of the surface of section r˙ = 0 when E = −1.7. (a-upper left): A1 = 0; (b-upper right): A1 = 0.001;
(c-lower left): A1 = 0.01; (d-lower right): A1 = 0.1. The color code is the following: bounded orbits (green), collisional orbits to oblate primary 1
(blue), collisional orbits to primary 2 (red), and escaping orbits (cyan).
identify delocalized initial conditions of orbits that collide to
the oblate primary. On the other hand, the initial conditions
of orbits which collide to primary 2 form well-defined spiral
basins. The interior region is almost the same with that dis-
cussed earlier in Fig. 3a, however there is a minor difference;
the collisional basin around the stability island of primary 2
is absent now. With the introduction of the oblateness coef-
ficient it is seen in Figs. 5(b-d) that the interior region dis-
plays exactly the same behaviour as in the previous case. In
the exterior region two phenomena take place as the value
of the oblateness coefficient increases: (i) the amount of the
escaping orbits decreases while at the same time the portion
of the collisional orbits to oblate primary 1 increases and
(ii) the fractality of the exterior region gradually decreases
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Fig. 4 Distribution of the escape and collisional time of the orbits on the φ˙ < 0 part of the surface of section r˙ = 0 when E = −1.70 for the values
of the oblateness coefficient of Fig. 3. The darker the color, the larger the escape/collisional time. Initial conditions of bounded regular orbits are
shown in white.
with increasing A1 and several escape and collisional basins
emerge.
The distribution of the escape and collisional times of
orbits on the configuration space is shown in Fig. 6. One
may observe that the results are very similar to those pre-
sented earlier in Fig. 4, where we found that orbits with ini-
tial conditions inside the escape and collisional basins have
the smallest escape/collision rates, while on the other hand,
the longest escape/collisional rates correspond to orbits with
initial conditions in the fractal regions of the OTDs. Our cal-
culations reveal, and this can be seen better in Figs. 6(a-d),
that in this energy region the oblateness coefficient does not
affect the size of the stability island of motion around pri-
mary 2.
4.3 Results for Region V: E > E4
The last case under consideration involves the results in the
energy region V where the entire configuration space is avail-
able for motion since the forbidden regions completely dis-
appear. Once more, all the different aspects of the numeri-
cal approach remain exactly the same as in the two previ-
ously studied cases. Fig. 7 presents the orbital structure of
the configuration space through the OTD decompositions of
the φ˙ < 0 part of the surface of section r˙ = 0. When both
primaries are spherically symmetric, that is when A1 = 0,
we see in Fig. 7a that most of the configuration (x, y) plane
is highly fractal, while a basin of collisional orbits is located
around the stability island of primary 1. Around primary 2
there is another stability island but now the corresponding
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Fig. 5 The orbital structure of the φ˙ < 0 part of the surface of section r˙ = 0 when (a-c): E = −1.54 and (d-lower right): E1 = −1.67. (a-upper left):
A1 = 0; (b-upper right): A1 = 0.001; (c-lower left): A1 = 0.01; (d-lower right): A1 = 0.1. The color code is the same as in Fig. 3.
collisional basin identified in energy region III is not present
now. In addition, the central hole inside the stability island
of primary 1 still survives. At the lowest value of the oblate-
ness coefficient (A1 = 0.001) the observed changes in Fig.
7b are the same with those reported earlier in Fig. 5b. The
same applies in the case for A1 = 0.01 where the results
are shown in Fig. 7c. Finally in Fig. 7d where we have the
scenario with the highest possible value of the oblateness
coefficient (A1 = 0.1) it is seen that the vast majority of the
(x, y) plane is occupied by well-formed escape basins and
collisional basins, while the fractal areas are confined to the
boundaries between the several basins. It should be pointed
out that in this case the area of the stability region around
primary 2 is considerably reduced. Thus one may reasonably
10 Euaggelos E. Zotos
Fig. 6 Distribution of the escape and collisional time of the orbits on the φ˙ < 0 part of the surface of section r˙ = 0 when (a-c): E = −1.54 and
(d-lower right): E1 = −1.67 for the values of the oblateness coefficient of Fig. 5.
conclude that in the energy region V and for high enough
values of A1 the stability region around spherically primary
2 is highly affected by the oblateness coefficient.
In Fig. 8 we depict the distribution of the escape and col-
lisional times of orbits on the configuration space. One can
see similar outcomes with that presented in the two previ-
ous subsections. At this point, we would like to emphasize
that the basins of escape can be easily distinguished in Fig.
8, being the regions with intermediate colors indicating fast
escaping orbits. Indeed, our numerical computations suggest
that orbits with initial conditions inside these basins need no
more than 10 time units in order to escape from the system.
Furthermore, the collisional basins are shown with reddish
colors where the corresponding collisional time is less than
one time unit of numerical integration.
The OTDs shown in Figs. 3, 5 and 7 have both frac-
tal and non-fractal (smooth) boundary regions which sepa-
rate the escape basins from the collisional basins. Such frac-
tal basin boundaries is a common phenomenon in leaking
Hamiltonian systems (e.g., Bleher et al. (1988); de Moura &
Letelier (1999); de Moura & Grebogi (2002); Schneider et
al. (2002, 2003); Tuval et al. (2004)). In the RTBP system
the leakages are defined by both escape and collision condi-
tions thus resulting in three exit modes. However, due to the
high complexity of the basin boundaries, it is very difficult,
or even impossible, to predict in these regions whether the
test body (e.g., a satellite, asteroid, planet etc) collides with
one of the primary bodies or escapes from the dynamical
system.
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Fig. 7 The orbital structure of the φ˙ < 0 part of the surface of section r˙ = 0 when E1 = −1.45. (a-upper left): A1 = 0; (b-upper right): A1 = 0.001;
(c-lower left): A1 = 0.01; (d-lower right): A1 = 0.1. The color code is the same as in Fig. 3.
4.4 An overview analysis
The color-coded OTDs in the configuration (x, y) space pro-
vide sufficient information on the phase space mixing how-
ever, for only a fixed value of the energy integral and also
for orbits that traverse the surface of section retrogradely.
He´non (He´non, 1969), introduced a new type of plane which
can provide information not only about stability and chaotic
regions but also about areas of bounded and unbounded mo-
tion using the section y = x˙ = 0, y˙ > 0 (see also Barrio
et al. (2008)). In other words, all the initial conditions of
the orbits of the test particles are launched from the x-axis
with x = x0, parallel to the y-axis (y = 0). Consequently,
in contrast to the previously discussed types of planes, only
orbits with pericenters on the x-axis are included and there-
12 Euaggelos E. Zotos
Fig. 8 Distribution of the escape and collisional time of the orbits on the φ˙ < 0 part of the surface of section r˙ = 0 when E1 = −1.45 for the values
of the oblateness coefficient of Fig. 7.
fore, the value of the energy E can now be used as an ordi-
nate. In this way, we can monitor how the energy influences
the overall orbital structure of our dynamical system using
a continuous spectrum of energy values rather than few dis-
crete energy levels. In Fig. 9 we present the orbital structure
of the (x, E) plane for four values of the oblateness coeffi-
cient when E ∈ [−3, 1], while in Fig. 10 the distribution of
the corresponding escape and collision times of the orbits is
depicted.
We can observe the presence of several types of regu-
lar orbits around the two primary bodies. Being more pre-
cise, on both sides of the primaries we identify stability is-
lands corresponding to both direct (counterclockwise) and
retrograde (clockwise) quasi-periodic orbits. It is seen that
a large portion of the exterior region, that is for x < x(L3)
and x > x(L2), a large portion of the (x, E) plane is covered
by initial conditions of escaping orbits however, at the left-
hand side of the same plane two stability islands of regular
orbits that circulate around both primaries are observed. Ad-
ditional numerical calculations reveal that for much lower
values of x (x < 5) these two stability islands are joined
and form a crescent-like shape. We also see that collisional
basins to oblate primary 1 leak outside the interior region,
mainly outside L2, and create complicated spiral shapes in
the exterior region. On the other hand, the thin bands rep-
resent initial conditions of orbits that collide with primary
body 2 are much more confined. It should be pointed out
that in the blow-ups of the diagram several additional very
small islands of stability have been identified2.
2 An infinite number of regions of (stable) quasi-periodic (or small
scale chaotic) motion is expected from classical chaos theory.
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Fig. 9 Orbital structure of the (x, E) plane when (a-upper left): A1 = 0; (b-upper right): A1 = 0.001; (c-lower left): A1 = 0.01; (d-lower right):
A1 = 0.1. The color code is the same as in Fig. 3.
As the value of the oblateness coefficient increases the
structure of the (x, E) planes exhibits the following changes:
(i) The collisional basins to oblate primary 1 significantly
grow and for A1 = 0.1 they dominate; (ii) The area of the
stability islands around primary 1 reduces and at the highest
studied value of A1 they completely disappear. According
to Broucke’s classification (Broucke, 1968) the periodic or-
bits around the primaries belong to the families C (at the
left side of the primary) and H1 (at the right side of the
primary), while Simo´ & Stuchi (2000) proved for the pla-
nar Hill’s problem that the stability regions of the C family
are more stable than those of the H1 family. Our computa-
tions show that both families disappear for large values of
the oblateness coefficient; (iii) The stability islands around
14 Euaggelos E. Zotos
Fig. 10 Distribution of the escape and collisional time of the orbits on the (x, E) plane for the values of the oblateness coefficient of Fig. 9.
primary body 2 are almost unperturbed, at least in the inter-
val E ∈ [−3,−1.5], by the shifting on the value of the oblate-
ness. The phenomenon that stability islands can appear and
disappear as a dynamical parameter is changed has also been
reported in earlier paper (e.g., Barrio et al. (2006); de Assis
& Terra (2014)); (iv) Inspecting Figs. 10(a-d) we see that
orbits with initial conditions very close to the center of the
oblate primary 1 collide almost immediately with it, while
their portion (or in other words the thickness of the verti-
cal basin) increases for larger values of the oblateness co-
efficient A1; (v) Another interesting phenomenon is the fact
that as the primary body 1 becomes more and more oblate
the fractality of the (x, E) plane reduces and the boundaries
between escaping and collisional basins appear to become
smoother. It should be emphasized that the fractality of the
structures was not measured by computing the correspond-
ing fractal dimension. When we state that an area is fractal
we mean that it has a fractal-like geometry.
It would be very informative to monitor the evolution of
the percentages of all the different types of orbits as a func-
tion of the total orbital energy E for the (x, E) planes shown
in Figs. 9(a-d). Our results are presented in Figs. 11(a-d).
We see that in all four cases the rate of the escaping orbits
starts at about 80% for E = −3 and gradually reduces until
about 20% for E = −1.8. For E > −1.8 it suddenly in-
creases but this increase is controlled by the oblateness co-
efficient. In particular, the higher the value of A1 the lower
the increase of the escaping percentage in the energy inter-
val [−1.8, 1]. In the same interval however, according to Fig.
10a escaping orbits dominate the (x, E) plane when A1 = 0.
The evolution of the percentage of regular orbits displays
similar patterns in the energy interval [−3,−1.8] however,
the corresponding rates are reduced with increasing A1. For
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Fig. 11 Evolution of the percentages of escaping, regular and collisional orbits on the (x, E)-plane as a function of the total orbital energy E.
(a-upper left): A1 = 0; (b-upper right): A1 = 0.001; (c-lower left): A1 = 0.01; (d-lower right): A1 = 0.1.
larger values of the energy the percentage of bounded or-
bits fluctuate and in general terms we may say that again
the oblateness coefficient has an influence. The percentage
of collisional orbits to oblate primary 1 has a monotone be-
haviour in the energy interval [−3,−1.8], while for E > −1.8
it increases. This increase becomes stronger and stronger as
the value of the oblateness coefficient increases. For large
enough values of the energy the rate of collisional orbits to
primary 1 decreases in all four cases, while at the same time
escaping orbits is the most populated type of orbits. The per-
centage of collisional orbits to primary 2 on the other hand,
is extremely low, while it peaks only in the energy interval
[−1.8,−1.2]. Once more, the peaks in this energy range are
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Fig. 12 (a-left): The average escape time of orbits < tesc > and (b-right): the average collision time of orbits < tcol > as a function of the total
orbital energy E.
influenced by the value of A1; the larger the oblateness co-
efficient the lower the peaks.
Another interesting aspect would be to reveal how the
oblateness coefficient influences the escape as well as the
collision time of orbits. The evolution of the average value
of the escape time < tesc > of orbits as a function of the total
orbital energy is given in Fig. 12a. It is evident, especially in
the energy interval [−1.8, 1], that as the value of the oblate-
ness coefficient increases the escape rates of orbits are re-
duced. In the same vein in Fig. 12b we present the evolution
of the average collision time < tcol > of orbits that collide to
oblate primary 1. Once more we observe that the collision
time of orbits decreases with increasing value of A1, espe-
cially in the energy interval [−1.6, 1]. Additional numerical
calculations, not shown here, indicate that the oblateness co-
efficient also influences the collision rates of orbits which
collide to spherical primary 2. In particular, there are energy
ranges in which the collision rates to primary 2 are reduced
with increasing A1, however the diagrams are not so clear as
in Fig. 12b, so we decided not to include them.
Before closing this section we would like to add that the
particular value of the mass ratio µ does not really change
the qualitative nature of the numerical outcomes presented
in this section. Indeed after conducting some additional cal-
culations with larger and lower values of µ we concluded
to the same results. The parameters which mostly influence
the orbital dynamics are the total energy and of course the
oblateness coefficient.
5 Conclusions
The aim of this work was to reveal how the oblateness coeffi-
cient influences the character of orbits in the classical planar
circular restricted three-body problem. After conducting an
extensive and thorough numerical investigation we managed
to distinguish between bounded, escaping and collisional or-
bits and we also located the basins of escape and collision,
finding also correlations with the corresponding escape and
collision times. Our numerical results strongly suggest that
the oblateness coefficient plays a very important role in the
nature of the test’s body motion under the gravitational field
of two primaries. To our knowledge, this is the first detailed
and systematic numerical analysis on the influence of the
oblateness coefficient on the character of orbits and this is
exactly the novelty and the contribution of the current work.
For several values of the oblateness coefficient in the last
three Hill’s regions configurations we defined dense uniform
grids of 1024 × 1024 initial conditions regularly distributed
on the φ˙ < 0 part of the configuration (x, y) plane inside
the area allowed by the value of the total orbital energy.
All orbits were launched with initial conditions inside the
scattering region, which in our case was a square grid with
−2 ≤ x, y ≤ 2. For the numerical integration of the orbits in
each type of grid, we needed about between 11 hours and 5
days of CPU time on a Pentium Dual-Core 2.2 GHz PC, de-
pending on the escape and collisional rates of orbits in each
case. For each initial condition, the maximum time of the
numerical integration was set to be equal to 104 time units
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however, when a particle escaped or collided with one of
the two primaries the numerical integration was effectively
ended and proceeded to the next available initial condition.
In this article we provide quantitative information re-
garding the escape and collisional dynamics in the restricted
three-body problem with oblateness. The main numerical re-
sults of our research can be summarized as follows:
1. It was observed that as the value of the oblateness coef-
ficient increases the size of the stability islands around
primary 1 is reduced and at relatively high values of the
oblateness coefficient there is no indication of regular
motion around the oblate primary, while at the same time
the stability region around spherical primary 2 is also re-
duced.
2. The collisional basins to primary 1 were found to sig-
nificantly increase in size with increasing value of the
oblateness coefficient, while the basins formed by initial
conditions of orbits which collide to the primary 2 are
practically unaffected by the shifting on the value of the
oblateness coefficient.
3. It was detected that in the vicinity of the center of the
oblate primary 1 a portion of orbits collide to the same
primary almost immediately. Furthermore, the amount
of these type of orbits increases with increasing oblate-
ness. On the other hand this behaviour do not apply to
the case of the spherical primary 2.
4. Our calculations reveal that as the primary body 1 be-
comes more and more oblate the fractality of the planes
is reduced and the boundaries between the escaping and
collisional basins appear to become smoother.
5. We presented evidence that the oblateness coefficient also
influences the escape as well as the collision time of the
orbits. In particular, both types of times are reduced as
the value of the oblateness coefficient increases.
Judging by the detailed and novel outcomes we may say
that our task has been successfully completed. We hope that
the present numerical analysis and the corresponding results
to be useful in the field of escape dynamics in the restricted
three-body problem with oblateness. The outcomes as well
as the conclusions of the present research are considered, as
an initial effort and also as a promising step in the task of un-
derstanding the escape mechanism of orbits in this interest-
ing version of the classical three-body problem. Taking into
account that our results are encouraging, it is in our future
plans to properly modify our dynamical model in order to
expand our investigation into three dimensions and explore
the entire six-dimensional phase thus revealing the influence
of the oblateness coefficient on the orbital structure.
Acknowledgments
I would like to express my warmest thanks to the anony-
mous referee for the careful reading of the manuscript and
for all the apt suggestions and comments which allowed us
to improve both the quality and the clarity of the paper.
References
Abouelmagd, E.I: Existence and stability of triangular
points in the restricted three-body problem with numeri-
cal applications. Astrophys. Space Sci. 342, 45-53 (2012)
Altmann, E.G., Portela, J.S.E., and Te´l, T.: Leaking Chaotic
Systems. Rev. Mod. Phys. 85, 869-918 (2013)
Barrio, R., Blesa, F., Serrano, S.: Is there chaos in Copen-
hagen problem? Monografı´as de la Real Academia de
Ciencias de Zaragoza 30, 43-50 (2006)
Barrio, R., Blesa, F., Serrano, S.: Fractal structures in the
He´non-Heiles Hamiltonian. Europhys. Lett. 82, 10003-1–
6 (2008)
Barrio, R., Blesa, F., Serrano, S.: Bifurcations and safe re-
gions in open Hamiltonians. New J. Phys. 11, 053004-1–
12 (2009)
Beatty, J.K., Petersen, C.C., Chaikin, A.: The New So-
lar System. 4th ed., Cambridge: Cambridge Univ. Press
(1999)
Beevi, A.S., Sharma, R.K.: Oblateness effect of Saturn on
periodic orbits in the Saturn-Titan restricted three-body
problem. Astrophys. Space Sci. 340, 245-261 (2012)
Benet, L., Trautman, D., Seligman, T.: Chaotic scattering in
the Restricted Three-Body Problem. I. The Copenhagen
Problem. Celest. Mech. Dyn. Astron. 66, 203-228 (1996)
Benet, L., Seligman, T., Trautman, D.: Chaotic scattering
in the Restricted Three-Body Problem II. Small mass pa-
rameters. Celest. Mech. Dyn. Astron. 71, 167-189 (1998)
Bleher, S., Grebogi, C., Ott, E., Brown, R.: Fractal bound-
aries for exit in Hamiltonian dynamics. Phys. Rev. A 38,
930-938 (1988)
Bleher, S., Ott, E., Grebogi, C.: Routes to chaotic scattering.
Phys. Rev. Let. 63, 919-922 (1989)
Broucke, R.A.: Periodic orbits in the restricted three-body
problem with Earth-Moon masses. Tech. Rep. 321168, Jet
Propulsion Laboratory, California Institute of Technology
(1968)
Contopoulos, G.: Asymptotic curves and escapes in Hamil-
tonian systems. Astron. Astrophys. 231, 41-55 (1990)
Contopoulos, G., Kaufmann, D.: Types of escapes in a sim-
ple Hamiltonian system. Astron. Astrophys. 253, 379-388
(1992)
Contopoulos, G., Kandrup, H.E., Kaufmann, D.: Fractal
properties of escape from a two-dimensional potential.
Phys. D 64, 310-323 (1993)
18 Euaggelos E. Zotos
de Moura, A.P.S., Grebogi, C.: Countable and uncountable
boundaries in chaotic scattering. Phys. Rev. E 66, 046214
(2002)
de Moura, A.P.S., Letelier, P.S.: Fractal basins in He´non-
Heiles and other polynomial potentials. Phys. Lett. A 256,
362-368 (1999)
de Assis, S.C., Terra, M.O.: Escape dynamics and fractal
basin boundaries in the planar EarthMoon system. Celest.
Mech. Dyn. Astron. 120, 105-130 (2014)
Ernst, A., Peters, T.: Fractal basins of escape and the forma-
tion of spiral arms in a galactic potential with a bar. Mon.
Not. R. Astron. Soc. 443, 2579-2589 (2014)
Numerical exploration of the restricted problem, V. Astron.
Astrophys. 1, 223-238
Jung, C., Lipp, C., Seligman, T.H.: The inverse scattering
problem for chaotic Hamiltonian systems. Ann. Phys.
275, 151-189 (1999)
Jung, C., Mejia-Monasterio, C., Seligman, T.H.: Scattering
one step from chaos. Phys. Lett. A 198, 306-314 (1995)
Jung, C., Te´l, T.: Dimension and escape rate of chaotic scat-
tering from classical and semiclassical cross section data.
J. Phys. A 24, 2793-2805 (1991)
Kalantonis, V.S., Markellos, V.V., Perdios, E.A.: Computing
periodic orbits of the three-body problem: Effective con-
vergence of Newton’s method on the surface of section.
Astrophys. Space Sci. 298, 441-451 (2005)
Kalantonis, V.S., Douskos, C.N., Perdios, E.A.: Numerical
determination of homoclinic and heteroclinic orbits as
collinear equilibria in the restricted three-body problem
with oblateness. Celest. Mech. Dyn. Astron. 94, 135-153
(2006)
Kalantonis, V.S., Perdios, E.A., Perdiou, A.E.: The Sitnikov
family and the associated families of 3D periodic orbits in
the photogravitational RTBP with oblateness. Astrophys.
Space Sci. 315, 323-334 (2008)
Kalvouridis, T., Gousidou-Koutita, M.Ch.: Basins of attrac-
tion in the Copenhagen problem where the primaries
are magnetic dipoles. Applied Mathematics 3, 541-548
(2012)
Kandrup, H.E., Siopis, C., Contopoulos, G., Dvorak, R.:
Diffusion and scaling in escapes from two-degrees-of-
freedom Hamiltonian systems. Chaos 9, 381-392 (1999)
Markellos, V.V., Papadakis, K.E., Perdios, E.A.: Non-linear
stability zones around triangular equilibria in the plane
circular restricted three-body problem with oblateness.
Astrophys. Space Sci. 245, 157164 (1996)
Markellos, V.V., Roy, A.E., Velgakis, M.J., Kanavos, S.S.:
A photogravitational Hill problem and radiation effects on
Hill stability of orbits. Astrophys. Space Sci. 271, 293301
(2000)
Millis, R.L., Wasserman, L.H., Franz, O.G., et al: The size,
shape, density, and albedo of Ceres from its occultation
of BD+8 deg 471. Icarus 72, 507-518 (1987)
Milone, E.F., Wilson, W.J.F.: Solar System Astrophysics
Background Science and the Inner Solar System, 2nd Ed.,
Springer, New York (2014)
Moulton, F.R: An Introduction to Celestial Mechanics. 2nd
ed., New York: Dover (1914)
Nagler, J.: Crash test for the Copenhagen problem. Phys.
Rev. E 69, 066218 (2004)
Nagler, J.: Crash test for the restricted three-body problem.
Phys. Rev. E 71, 026227 (2005)
Nagler, J., Krieger, M., Linke, M., Scho¨nke, J., Jan Wiersig,
J.: Leaking billiards. Phys. Rev. E 75, 046204 (2007)
Navarro, J.F., Henrard, J.: Spiral windows for escaping stars.
Astron. Astrophys. 369, 1112-1121 (2001)
Norton, O.R., Chitwood, L.A.: Field Guide to Meteors and
Meteorites. 1st ed., London: Springer (2008)
Oberti, P., Vienne, A.: An upgraded theory for Helene,
Telesto, and Calypso. Astron. Astrophys. 397, 353-359
(2003)
Perdios, A.E., Kalantonis, V.S.: Critical periodic orbits in
the restricted threebody problem with oblateness. Astro-
phys. Space Sci. 305, 331-336 (2006)
Perdiou, A.E., Perdios, E.A., Kalantonis, V.S.: Periodic or-
bits of the Hill problem with radiation and oblateness. As-
trophys. Space Sci. 342, 19-30 (2012)
Poincare´, H.: History of Modern Physics and Astronomy.
vol. 13, AIP, New York, (1993)
Press, H.P., Teukolsky, S.A, Vetterling, W.T., Flannery, B.P.:
Numerical Recipes in FORTRAN 77, 2nd Ed., Cam-
bridge Univ. Press, Cambridge, USA (1992)
Schneider, J., Te´l, T., Neufeld, Z.: Dynamics of “leak-
ing” Hamiltonian systems. Phys. Rev. E 66, 066218-1–6
(2002)
Schneider, J., Te´l, T.: Extracting flow structures from tracer
data. Ocean Dyn. 53, 64-72 (2003)
Seoane, J.M., Aguirre, J., Sanjua´n, M.A.F., Lai, Y.C.: Basin
topology in dissipative chaotic scattering. Chaos 16,
023101-1–8 (2006)
Seoane, J.M., Sanjua´n, M.A.F., Lai, Y.C.: Fractal dimension
in dissipative chaotic scattering. Phys. Rev. E 76, 016208-
1–6 (2007)
Sharma, R.K.: Periodic orbits of the second kind in the re-
stricted three-body problem when the more massive pri-
mary is an oblate spheroid. Astrophys. Space Sci. 76,
255258 (1981)
Sharma, R.K.: The linear stability of libration points of the
photogravitational restricted three-body problem when
the smaller primary is an oblate spheroid. Astrophys.
Space Sci. 135, 271281 (1987)
Sharma, R.K.: The periodic orbits of the second kind in
terms of Giacaglia’s variables with oblateness. Earth
Moon Planets 45, 213218 (1989)
Sharma, R.K.: Periodic orbits of the third kind in the re-
stricted three-body problem with oblateness. Astrophys.
Influence of the oblateness coefficient in the restricted three-body problem 19
Space Sci. 166, 211218 (1990)
Sharma, R.K., Subba Rao, P.V.: Stationary solutions and
their characteristic exponents in the restricted three-body-
problem when the more massive primary is an oblate
spheroid. Celest. Mech. 13, 137-149 (1976)
Sharma, R.K., Subba Rao, P.V.: Effect of oblateness on tri-
angular solutions at critical mass. Astrophys. Space Sci.
60, 247250 (1979)
Sharma, R.K., Subba Rao, P.V.: On finite periodic orbits
around the equilibrium solutions of the planar restricted
three-body problem. In: Bhatnagar, K.B. (ed.) Space Dy-
namics and Celestial Mechanics, pp. 7185. D. Reidel Pub-
lishing Company, Dordrecht (1986)
Stuchi, T.J., Yokohama, A.A., et al.: Dynamics of a space-
craft and normalization around Lagrangian points in the
NeptuneTriton system. Advances in Space Research 42,
1715-1722 (2008)
Subba Rao, P.V., Sharma, R.K.: Oblateness effect on finite
periodic orbits at L4. In: 39th Congress of the Interna-
tional Astronautical Federation (IAF-88-300), 6 pages,
815 October (1988)
Subba Rao, P.V., Sharma, R.K.: Effect of oblateness on the
non-linear stability of L4 in the restricted three-body prob-
lem. Celest. Mech. Dyn. Astron. 65, 291312 (1997)
Simo´, C., Stuchi, T.: Central stable/unstable manifolds and
the destruction of KAM tori in the planar Hill problem.
Phys. D 140, 132 (2000)
Singh, J., Leke, O.: Equilibrium points and stability in the
restricted three-body problem with oblateness and vari-
able masses. Astrophys. Space Sci. 340, 2741 (2012)
Singh, J., Leke, O.: Effect of oblateness, perturbations, radi-
ation and varying masses on the stability of equilibrium
points in the restricted three-body problem. Astrophys.
Space Sci. 344, 51-61 (2013)
Singh, J., Leke, O.: Motion in a modified Chermnykh’s re-
stricted three-body problem with oblateness. Astrophys.
Space Sci. 350, 143-154 (2014)
Szebehely, V.: Theory of Orbits. Academic Press, New York
(1967)
Tuval, I., Schneider, J., Piro, O., Te´l, T.: Opening up fractal
structures of three-dimensional flows via leaking. Euro-
phys. Let. 65, 633-639 (2004)
Zotos, E.E.: A Hamiltonian system of three degrees of free-
dom with eight channels of escape: The Great Escape.
Nonlin. Dyn. 76, 1301-1326 (2014a)
Zotos, E.E.: Escapes in Hamiltonian systems with multiple
exit channels: Part I Nonlin. Dyn. 78, 1389-1420 (2014b)
Zotos, E.E.: Revealing the escape mechanism of three-
dimensional orbits in a tidally limited star cluster. Mon.
Not. R. Astron. Soc. 446, 770-792 (2014a)
Zotos, E.E.: Crash test for the Copenhagen problem with
oblateness. Celest. Mech. Dyn. Astron. 122, 75-99
(2015b)
